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Abstract

We consider iid Brownian motions, B;(t), where B;(0) has a rapidly decreasing,
smooth density function f. The empirical quantiles, or pointwise order statistics,
are denoted by Bjn(t), and we consider a sequence Qn(t) = Bju)(t), where
j(n)/n — a € (0,1). This sequence converges in probability to ¢(t), the a-quantile of
the law of B;(t). We first show convergence in law in C[0,00) of F,, = n'/2(Q, — q).
We then investigate properties of the limit process F, including its local covariance
structure, and Hoélder-continuity and variations of its sample paths. In particular, we
find that F has the same local properties as fBm with Hurst parameter H = 1/4.
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1 Introduction

The classical example of a Brownian motion occurring in nature is the pollen grain on the
surface of the water. Bombarded by the much smaller water molecules that surround it, the
pollen grain embarks on a random walk with numerous, tiny steps. Applying a law of large
numbers type scaling to its path leaves it sitting right where it is, since its trajectory has
mean zero. But applying a central limit theorem type scaling, which exposes its fluctuations,
reveals the Brownian path that we observe in nature.

If we observe a large collection of pollen grains, and approximate their density with a
continuous function, then we might expect this density function to evolve according to the
diffusion equation. In this setting, the diffusion equation can be derived by assuming that
each individual pollen grain moves as an independent Brownian motion.
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However, if the pollen grains are close to one another, as they should be if we are
approximating their density with a continuous function, then their motions are certainly
not independent. They are interacting with one another through collisions. Moreover, the
collisions would evidently provide each individual pollen grain with a drift, pushing it toward
regions where the pollen density is lower. In other words, the individual pollen grains would
not be performing Brownian motions. The question then arises, what do the trajectories of
these colliding pollen grains look like on the mesoscopic scale (that is, under central limit
theorem type scaling)?

In this paper, we consider the simpler, one-dimensional question of the scaling limit of
colliding Brownian motions on the real line. To motivate our model of the collision process,
first consider two physical particles with equal mass and velocities v; and vy. If these
particle have an elastic collision, then they will exchange velocities. The effect of this will
be that they exchange trajectories at the moment of collision. If z1(¢t) and z5(t) describe
their trajectories without any interaction, then their trajectories in the presence of collisions
will be min{z(t), z2(¢)} and max{z(t),z2(t)}. If we extend this reasoning to n particles,
then we are led naturally to consider the empirical quantiles, or order statistics, of the non-
interacting trajectories, z1(t),...,x,(t). Two concepts, therefore, which are central to our
approach, are the notions of an a-quantile of a probability measure, and the order statistics
of a family of random variables.

Let v be a probability measure on R with distribution function ®,(z) = v((—o0,z]).
Given « € (0,1), an a-quantile of v is any number ¢ such that ®,(¢g—) < a < ®,(q). It is
easy to see that v has at least one a-quantile, given by ¢ = inf{z : @ < &,(x)}. It is also
clear that if @, is continuous, then ®,(q) = « for any a-quantile, g.

Given random Variables, Xi,...,X,, let ¢ be a (random) permutation of the set
{1,...,n} such that X,y < -+ < Xy, a.s. For 1 < j < n, we define the j-th order statistic
of X =(Xy,...,X,) to be Xg(j and denote it by X;.,,. Note that —Xj.,, = (=X)m—jt1)m-

Now fix @ € (0,1) and let B be a one-dimensional Brownian motion Wlth a random initial
position. For simplicity in the calculations that are to come, we shall assume that B(0) has
a density function f that is a Schwartz function. That is, f € C*°(R) and

sug(l + \x|”)\f(m)(x)| < 00, (1.1)

for all nonnegative integers n and m. We will also assume that f(z)dz has a unique a-
quantile, ¢(0), such that f(¢(0)) > 0.

Let {B;} be an iid sequence of copies of B. For fixed n, the trajectories By, ..., B, denote
the paths of a system of n particles with no interactions. When these particles are allowed
to interact through collisions, their trajectories are given by the pointwise order statistics, or
empirical quantile processes, Bi.p, . .., Bp.n. More specifically, Bj., is the process such that,
for each ¢t > 0, B;.,(t) is the j-th order statistic of (By(t),..., B,(t)). Note that Bj,, is a
continuous process. We shall fix a sequence of integers {j(n)}>2, such that 1 < j(n) < n and
j(n)/n = a+o(n~?). We then consider the sequence of empirical quantile processes {Q,, }
given by @, = Bj(n)m- Our first result concerns the convergence in C'[0,00) of the sequence
{Qn}. To this end, we begin by defining the (deterministic) limit process, and show that it
is continuous.

Let u(x,t) denote the density of B(t). It is well-known that our assumptions on f are
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sufficient to ensure that u € C®°(R x (0,00)), d2u € C(R x [0,00)), and du(z,0) = fU)(x)
for all 5 > 0. Moreover, du(x,t) = E*[fY(B(t))] and u satisfies the diffusion equation,
O = (1/2)0?u. For each t > 0, the function wu(-,t) is strictly positive, which implies
that u(z,t)dr has a unique a-quantile, ¢(¢). The following lemma is easily derived by
differentiating the defining equation for ¢(¢); its proof is given in the appendix.

Lemma 1.1. The function q is in C[0,00) N C*°(0,00) and satisfies

q'(t) = —% (1.2)

for allt > 0.

Remark 1.2. Let C*[0,00) denote the space of functions g : [0,00) — R such that ¢g¥) has a
continuous extension to [0, 00), for all j < k. Also, let C°°[0, 00) = Mp>oC*[0, 00). Tt is easy
to see from Lemma that since u(q(t),t) > 0 for all ¢+ > 0, and du € C(R x [0,00)), it
follows that ¢ € C*°[0, 00). That is, ¢*) has a continuous extension to [0, co) for all k.

Remark 1.3. The diffusive flux at time ¢, in the positive spatial direction, across an
arbitrary moving boundary s(t) is given by —(1/2)0,u(s(t),t) — u(s(t),t)s'(t). The first
term corresponds to Fick’s first law of diffusion, and the second term comes from the motion
of the boundary. By (L.2)), it follows that ¢(¢) is the unique trajectory starting at ¢(0), across
which there is no diffusive flux. The vanishing of the flux can also be seen by noting that

a(t)
/ u(z,t)dr = a,

—0o0

which follows from the definition of ¢(t).

It will follow from later results that @), — ¢ in probability in C[0,00). Our primary
interest, however, is with the fluctuations, F,, = n*/2(Q,, — ¢). Our objective in this paper is
twofold: (i) to establish the convergence in law in the space C[0, 00) of the sequence F,, to a
limit process F, and (ii) to investigate properties of the limit process F', including its local
covariance structure, and the Holder continuity and variations of its sample paths.

Regarding (i), we establish the following result, whose proof can be found in Section |§|
(The notation X, = X means X,, — X in law.)

Theorem 1.4. There exists a continuous, centered Gaussian process F with covariance
function

.ty — DB < a(s). B < glt) = o2
’ ulq(s), s)u(q(t), t) ’

such that F,, = F in C]0,00).

(1.3)

It is worth pointing out here that the limiting process F' is not deterministic at time
t = 0. In fact, E|F(0)]* = (a — a?) f(q(0)) 2.

Regarding (ii), we derive, in Section , several key properties of the limit process F. We
will show that, on compact time intervals, E|F(t) — F(s)|? is bounded above and below by
constant multiples of |t — s|'/2. In particular, the paths of F' are almost surely locally Holder
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continuous with exponent ~ for all v < 1/4. (See Corollaries [3.2 and Corollary [3.3]) We will
show that F is locally anti-persistent. More specifically, nearby, small increments of size At
have a negative covariance whose order of magnitude is —[t — s|73/2At2. (See Corollaries
and ) We will also show that F' has a nontrivial, deterministic quartic variation,
given by (6/7) fot lu(q(s),s)|"?ds. (See Theorem ) All of these are local properties
that F shares with B4, the fractional Brownian motion (fBm) with Hurst parameter
H = 1/4. (Recall that fBm, B, is a centered Gaussian process with B¥(0) = 0 and
E|BH(t) — BH(s)|? = |t — s|*, where H € (0,1).) These local properties are also shared
with the solution to the one-dimensional stochastic heat equation, which was recently studied
in [I7] and [4]. On the other hand, the global properties of F' can be quite different from
BY*, which we will illustrate at the end of Section |3} via the special case where f(z)dz is a
standard Gaussian distribution.

A model similar to this was studied in [7]. That model consists of a countably infinite
collection of real-valued stochastic processes x;(t), i € Z, t > 0. The points {x;(0) };ez form
a unit Poisson process on the real line, conditioned to have a point at 0, and labeled so that

- < 29(0) <2-1(0) < 29(0) =0 < 21(0) < 22(0) < ---

The processes {z;(-) — x;(0)} are independent, standard Brownian motions. This family of
processes represents the motion of the particles without collisions. By counting upcrossings
and downcrossings, the motion of a “tagged particle” in the collision system can be defined.
Informally, the tagged particle y(t) is defined as follows. It begins with y(0) = x¢(0), and
then continues as y(t) = xo(t) until the first time the path of = intersects one of its neighbors,
x1 or x_1. At this point, y adopts the trajectory of the neighboring particle, and follows this
trajectory until the first time it meets one if its two neighbors, and so on.

Of course, when two Brownian particles meet, they intersect infinitely often immediately,
which makes it difficult to carry out the above informal construction. This is why upcrossings
and downcrossings are used instead. (See also [5].) Note that, with only finitely many
particles, the empirical quantiles serve as tagged particles, without any need for counting
crossings.

By the scaling property of Brownian motion, the process n~'y(n?t) has the same law
as a tagged particle in a system initially distributed according to a Poisson process with
a density of n particles per unit length. This is analogous to our centered empirical
quantile process Q,(t) — ¢(t). Multiplying by n'/? shows that our process F}, is analogous to
ya(t) = y(At)/AYV* where A = n?. In [1], it is shown that y4(1) = y(A)/AY* = (2/7)V/AN
as A — oo, where N is a standard normal random variable. This implies that for fixed ¢ > 0,

ya(t) = Y44 (1) = /42 /) VAN £ (2/m)V1BYA(1),

where £ denotes equality in law. In [5], a substantially stronger result was proven, one
case of which shows that y4 = (2/7)/*BY* in C[0,00). The proof of tightness in [5] relies
heavily on the special properties of the initial Poisson distribution, under which the resulting
particle system has a stationary distribution.

Similar results hold for the simple symmetric exclusion process (SSEP) on the integer
lattice. It has been known since the work of Arratia [I] and Rost and Vares [14] in the 1980s



that the fluctuations of a tagged particle in a one-dimensional SSEP started in equilibrium
converge, in the sense of finite-dimensional distributions (fdd), to fBm B'4. The proof of
tightness, however, was established only recently by Peligrad and Sethuraman [13] in 2008.
As with the proof in [5], the proof of tightness for the tagged particle in [13] also relies on
the initial distribution of the particles and does not extend to the non-equilibrium case.

The motion of a tagged particle in a non-equilibrium SSEP was studied in Jara and
Landim [§]. Theorem 2.6 in [§] establishes a result on the fluctuations of a tagged particle in
SSEP which is analogous to our Theorem [1.4] except that in [8] convergence is established
only in the sense of fdds.

It should be noted that the proof methods in [5] do generalize to the non-equilibrium
case when one considers the current process, rather than the tagged particle. In 2005,
Seppéldinen [I5] studied the current process in a system of independent random walks in
a non-equilibrium case. Tightness for this current process (for a certain restricted class of
initial profiles) was proved by Kumar [11] in 2008 by extending the proof of Proposition 5.7
in [5].

In [I§], we considered what is very nearly a special case of the present model. Suppose
B(0) =0a.s. and j(n) = [(n+ 1)/2], so that @, is the median process, a = 1/2, and ¢ = 0.
In that case, it was shown in [I§] that F,, = X in C]0,00), where X is a centered Gaussian
process with covariance function

Vst

The main difficulty in establishing this result was the proof of tightness. Unlike [5], we
did not have the benefit of the Poisson initial distribution. Instead, we proved tightness
by making direct estimates on P(|Q,(t) — Qn(s)| > n~/2¢). The method of estimation was
essentially a four-step procedure. First, we established a connection between this probability
and a certain random walk. Second, we derived estimates for probabilities associated with
this random walk — estimates which depend on the parameters of the walk. Third, we
estimated those parameters in terms of the dynamics of the original model. And fourth, we
put all of this together to get separate estimates on P(|Q,(t) — Q,(s)| > n~/2¢), depending
on whether n™"/2e < |t — 5|2, n™' 2 = |t — 5|2, or n™V2e > |t — 5|12

Regarding the convergence portion of the present paper, our proof of tightness is
motivated by this rough outline. It is our hope that the new ideas and techniques developed
here in relation to tightness, as well as the methods employed to study the properties of the
limit process, will be applicable to more general colliding particle models.

E[X(s)X(t)] = Vst sin ! (8 " t) . (1.4)

2 Finite-dimensional distributions

We summarize here the definitions and assumptions from Section [I} Let B be a Brownian
motion such that B(0) has a density function f € C°° satisfying for all nonnegative
integers n and m. Let {j(n)}>°, be a sequence of integers satisfying 1 < j(n) < n and
j(n)/n = a + o(n~?), where a € (0,1). Assume the probability measure f(x)dx has a
unique a-quantile, ¢(0), satisfying f(¢(0)) > 0.



Let { B;} be a sequence of iid copies of B. We define F,, = n'/?(Q,,—q), where Q,, = Bj(n)n
and ¢(t) is the unique a-quantile of the law of B(t). The fact that F, € C[0,00) follows
from Lemma [Tl

In this section, we begin the proof of Theorem by noting that the convergence of the
fdds follows as an immediate corollary of a multi-dimensional quantile central limit theorem,
which is stated below as Theorem The proof of the quantile CLT is a straightforward
exercise in the application of the Lindeberg-Feller theorem, and is given in the appendix.

To state the quantile CLT, we first need some preliminaries. Let X be an R%valued
random variable. It will be convenient to denote vector components with function notation,
X =(X(1),...,X(d)). Let ®;(z) = P(X(j) < z) and Gyj(z,y) = P(X (1) <z, X(j) < y).
Fix o € (0,1)¢ and assume there exists ¢ € R? such that ®;(q(j)) = a(j) for all 5. Also
assume that, for all 4 and j, ®}(q(j)) exists and is strictly positive, and that G; is continuous
at (q(2), q(j))-

Let {X,} be a sequence of iid copies of X. If x € {1,...,n}% then X,.,, € R? shall
denote the componentwise order statistics of Xi,...,X,. That is, X,.,(j) is the x(j)-th
order statistic of (X;(j),..., Xn(J)).

Theorem 2.1. With the above notation and assumptions, define the matriz o € R¥>? by

 Gylali).q() — ali)aty)
7 () (21)

If K(n) = (k(n,1),...,k(n,d)) € {1,...,n}? satisfies k(n)/n = a + o(n"'/?), then
nl/Q(X,i(n):n — q) = N, where N is multinormal with mean zero and covariance matriz
0.

Corollary 2.2. There exists a centered Gaussian process F' with covariance function p, given
by (L.3)), such that F,, — F in the sense of finite-dimensional distributions.

Proof. Given 0 < t; < --- < tg4, apply Theorem with X = (B(t1),...,B(tq)) and
k(n) = (j(n),j(n),....ji(n)). D
Remark 2.3. Note that one of the assumptions in the above theorem is that ®(q(j)) exists
and is strictly positive. In particular, ®; must be continuous at g(j). That is, the theorem
does not apply when the distribution of X (j) has a jump at the quantile point ¢(j). This,
however, is never the case for the random variables considered in this paper, since for any
initial distribution, the solution of the heat equation is continuous for any positive time.

Remark 2.4. To give some limited intuitive sense to , let us consider what it implies
for stochastic processes. Let {X,(t) : t € T}>, be a sequence of iid, measurable, real-
valued copies of a stochastic process X (t), parameterized by some general index set 7.
Let ®(z,t) = P(X(t) < z). Suppose that ®(-,¢) is continuous and strictly increasing,
and, for a € (0,1), define g(a,t) so that ®(¢(a,t),t) = a. Let x : (0,1) x N — N
satisfy k(a,n) € {1,...,n} and k(a,n) = an + o(n'/?) for each fixed a. Let X,.,(t)
denote the x-th order statistic of X;(t),..., X, (t), and define @, (o, t) = Xu(an)m(t). Let
Fy(a,t) = n2(Qu(a, t) — g(ast)).

From Theorem [2.1] we find that if we make the additional assumptions that 9,®(z,¢) > 0
for all x such that 0 < ®(z,t) < 1, and that the functions (x,y) — P(X(s) < 2, X(t) < y)
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are continuous for each fixed s and ¢, then the fdds of the two-parameter processes F,,
converge to those of a centered Gaussian process F' on (0,1) x T with covariance function

P(X (s Sqa787Xt§qﬁ7t —05/6
BlP(a.s)F(5.5) — PO < (0.5, X(0) < a(5.0)
9:P(q(a, ), )0, P(q(5,1),1)

In this paper, we are considering not only the special case in which the processes are Brownian

motions, but also the special case in which « is fixed. If we fix ¢, however, then a familiar
process emerges. Namely, for fixed ¢, the process o — F(«,t) has covariance function

alfp—af
In other words, 0,P(q(-,t),t)F(-,t) is a Brownian bridge. This phenomenon stems from

the relationship between the quantiles and the empirical processes. That is, let ®"(x,t) =
w 2j=1 Lix,()<ay- Then

2@ (Quler 1), 1) — B(g(ar 1), 1) = 02 (n " k(a, n) — @) = o(L).

Hence, under suitable assumptions on ®(-,t) and its derivatives, we may use a Taylor
polynomial for ®(-,¢) about ¢g(«,t), obtaining

n'2(@"(Qul 1), 1) — ®(Qul 1), 1)) = —n'*(2(Qu(at),) — D(q(a, 1), ) + o(1)
= —0,®(q(ax, 1), t) Fu(a, t) + n [ Fy(a, 1)PO(1) + 0(1).  (2.4)

For fixed ¢, it is well-known that n'/2(®"(-,t) — ®(-,t)) converges to B°(®(-,t)), where B°
is a Brownian bridge (see Billingsley [2], for example). Hence, the left-hand side of
converges to B°(®(g(a,t),t)) = B°(c), which explains the covariance function (2.3)).

The connection to the empirical processes given by is still valid, of course, even when
t is allowed to vary. In this case, and show that the two-parameter fluctuation
processes n'/?(®" — @) — V in the fdd sense, where V is centered Gaussian with covariance

EV(z,s)V(y, )] = P(X(s) <2, X(t) <y) = P(X(s) <z)P(X(1) <y).  (2.9)

At this point, it is interesting to compare this with the results in Martin-Lof [12]. When X
is a Markov process, [12] considers the convergence, in the fdd sense, of fluctuations such
as these, although for a slightly different model in which we have N ~ Poisson(n) particles
instead of n particles. This subtle difference produces slightly different fdds in the limit.
(For example, in the fixed ¢ case, the fluctuations of the empirical distributions of a Poisson
number of variables converges to a Brownian motion rather than a Brownian bridge, which
can be seen either from the heuristic demonstration below, or as a special case of Corollary
2 in [12].)
More specifically, let ®(x,t) = ZJ 1 Lix,(#)<ay- Note that

(2.2)

E[F(a,t)F(B,t)] = (2.3)

n'2(@" — @) = (N/n)2NY2(®N — @) + n'(N/n — 1)®

Hence, n!/2(®" — ®) — V in the fdd sense, where V =V + Z®, and Z is a standard normal
random variable, independent of V. Using (12.5)), it follows that V is centered Gaussian with
covariance

E[V(z,s)V(y,t)] = P(X(s) <z, X(t) <y).

This, of course, is precisely the result we obtain from Corollary 2 in [12].



3 Properties of the limit process

Before proceeding to the proof of tightness, we first establish some of the properties of the
limit process. In what follows, C' shall denote a positive, finite constant, that may change
value from line to line.

Theorem 3.1. Recall p given by (1.3). For each T > 0, there exist positive constants
9, Ch, Cy such that whenever 0 < s <t <T and |t — s| < d, we have

(Z) Cl|t — 3|71/2 S asp(sat) S C2|t - S|71/27
(i) ~Colt — |72 < Dypls,0) < ~Cilt — 5|2, and
(iii) —Colt — |72 < 3%p(s,t) < —Cift — |72,

Proof. Define F(t) = u(q(t),t)F(t) and note that F is a centered Gaussian process with
covariance function
pls.t) = P(B(s) < q(s), B(t) < q(t)) — a”. (3.1)

We will first prove the theorem for p instead of p. For later purposes, it will be convenient
at this time to introduce the auxiliary function

q(s)tw  pq(t)+z )
dotwz) = [ [ bt = s a)oule, s dyds (3.2)

where i > 0 and p(t,z,y) = (2rt)"/2e~@=¥*/2 In this proof, we use only the case i = 0.
Later, in Section [6], we will make use of the general case for arbitrary i. We now compute
that

q(s)+ )
A = ¢ (8) / Dt — 5,2, q(t) + 2)0iu(z, s) de

—0o0

q(s)+w  rq(t)+z ,
+ / / Op(t — s, x,y)0u(z, s) dy dx
- - (3.3)

q(s)+w ,
@) [ b= smat) + k(s s) da
1 qt)+z  pq(s)+w ‘
sy [ [ et s diates) dedy

Using integration by parts,

q(s)+w ,
[ - saoate s dr

—00

= 0up(t — 5,q(s) + w,y)0,u(q(s) + w, ) — p(t — 5,q(s) + w, )0, u(q(s) + w, 5)

q(s)+w ,
s bl s e utes) do

—0o0



Substituting this into (3.3]) gives

q(s)+w ‘
0 =) [t s.qlt) + 0iue.s) ds

—00

2

1 q(t)+=z '
! / Pt — 5,4(5) + w, )0 uqls) + w, 5) dy

2 —00
1 qt)+z  pq(s)+w '
+ 5/ / p(t — s, 2,9)0: u(x, 5) dv dy.

1 q(t)+=z '
41 / Bup(t — 5,4(s) + w, y)du(q(s) +w, s) dy

[e.9]

We now use the fact that 0,p(t,x,y) = —0,p(t, z,y) to rewrite this as

q(s)+w '
A = (1) / plt — s,2,q(t) + 2)0u(z, s) de

o 1 |
~ Lp(t — s.q(s) + waa(t) + 2)hla(s) + .5

1 . . q(t)+=
- 58;* u(q(s) + w, S)/ p(t —s,q(s) +w,y)dy

1 [a®+z  pa(s)+w )
+ 3 / / p(t — s,2,9)05 u(x, s) dov dy. (3.4)
Similarly, for the other partial derivative, we have

q(t)+= ‘
95¢ = ¢'(s) / pt —s,q(s) +w,y)0,ulq(s) +w,s)dy
a@)tw pa)+e |
- / / dup(t — 5,2, y)0ku(, ) dy da

q(s)+w  rq(t)+z A
+/ / p(t — s,2,y)0,0,u(z, s) dy du.

—0o0 —00

By (3.3), this becomes

q(t)+= ,
9 = q'(s) / Pt — 5,4(5) + w, ) ulq(s) + w, 5) dy

—00

q(s)+ ‘
— 0 ¢+ (1) / p(t —s,x,q(t) + 2)0.u(z, s) dr

a)tw pa+e |
+/ / p(t — s, x,y)0.0,u(z, s)dy dx. (3.5)



Substituting (3.4]) into the above, and using dyu = (1/2)0%u gives

0,( = %p(t —5,q(8) +w, q(t) + 2)0Lu(q(s) + w, s)

) ) q(t)+=
+ (q'(s)@iu(q(s) +w,s)+ %8;+1u(q(s) + w, s)) / p(t —s,q(s) +w,y)dy. (3.6)

Now observe that, taking i = 0, p(s,t) = ((s,t,0,0) — a?. Hence, by (3.4) and (1.2),

a(s)

0p(s.) = d(0) [ plt = s alt)ul,s) dz = Splt = s.q(s).a(O)ulals).

—0o0

q(t) q(s)
T ulqls), $)(s) / Dt — s,q(s), ) dy + > / / — 5,2, 9)0u(x, s) de dy,
and by (3.6) and (1.2)),

0,7(5,1) = 5p(t — 5, a(s), at) ula(s), ). (3.7)

Differentiating ({3.7]) with respect to ¢ gives

(s, t) = —@p(t = 5,4(s),q(t))ulq(s), s) + %@/p(t —5,q(s),q(t))ulq(s), s)g'(t).  (3.8)

Part (i) now follows easily from (3.7)), using the fact that u(q(s), s) is continuous and strictly
positive on [0, 00), and |q(t) — ¢(s)| < C|t — s| for all s,t € [0, 7.
Part (ii) will follow from (i), once we show that

10,5(s, ) + 9,p(s, )| < C. (3.9)

By (3.5),

q(t)
9,505, 1) + A5, £) = ¢(s) / plt — 5,q(s), y)ula(s), s) dy

—0o0

a(s) a(s)  rat)
+q'(t) / p(t — s, x,q(t))u(x, s) de + / / p(t — s, x,y)0mu(x, s)dyde. (3.10)

—0o0 —00 —00

Note that

q(t)
q’(S)/_ p(t = s,q(s),y)ulq(s), s) dy| = |¢'(s)|ulq(s), s) P*“)(B(t — s) < q(t)) < C.

(3.11)
Next, by the Markov property, u(y,t) = [ p(t — s, z,y)u(z, s) dz. Hence,

a(s)
Q'(t)/ p(t = s,2,q(t))u(z,s)dz| < |q'(t)|u(q(t),t) < C. (3.12)
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Finally, note that dyu(z,t) = (1/2)0%u(x,t) = (1/2)E*[f"(B(t))]. Therefore,

a(s)  ra(t)
/ / p(t — s, z,y)0u(z, s) dy dx
a(s)  ra®)
/ / / —s,x,y)p(s,x,2) f"(2) dz dy dx

2/RP2<B< ) < q(s), B(t) < q(t)) f"(2) dz,

q(s)  pq(t)
/ / p(t — 5,2, y) (e, s) dy da

Applying (3.11), (3.12), and (3.13)) to (3.10]) establishes (3.9), and completes the proof of
(ii).

Part (iii) will follow from ({3.8)), once we establish that for |t — s| sufficiently small,

which implies

1
< If" . (3.13)

—Cylt — 8|73 < Op(t — s,q(s),q(t)) < —Cy|t — 5|72, and (3.14)
|0yp(t = 5,q(s), a(t))| < Coft — s/, (3.15)
First, note that
1 (x —y)*\ 1
_ (z—y)?/2t _ _—
atp(tvrvy) - 2\/%6 (]' t $3/2°

Since [q(t)—q(s)| < C|t—s|, it follows that for |t—s| sufficiently small, ;p(t—s, q(s),q(t)) <0
with |9p(t—s, q(s), q(t))| < C|t—s|~3/2, which establishes the lower bound in (3.14)). For the
upper bound, note that e~ (@")=())*/2(t=s) > ¢=Clt=sl > ¢=CT Hence, |;p(t — s, q(s), ¢(t))| >
C|t — 5|73/ when |t — s| is small enough.

Finally, we observe that

1z y!_x

Vor t32

so that (3.15) follows as above from |q(t) — q(s)| < C|t — s[. This completes the proof of the
theorem when p is everywhere replaced by p. We now prove the theorem as stated.

By (1.3)), p(s,t) = 0(s)0(t)p(s,t), where 0(t) = (u(q(t),t))"'. Note that § € C'[0,0)
and

y)?/2t < |$ y|t 3/2

0yp(t, x,y)| =

Oup(s,t) = 0'(s)0(t)p(s, 1) + 0(5)0(1)Dsp(s, 1),

Oip(s, t) = 0(s)6'(t)p(s, 1) + 0(s)6(1)Drp(s, 1),

Oap(s,t) = 0 ()0 (1)p(s, 1) + 0'(s)0(1)0e(s, 1) + ()0 ()05, 1) + 0(s)0(1) 055 (s, 1),
from which (i), (ii), and (iii) follow. O
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Corollary 3.2. Fiz T > 0. There exist positive constants C,Cy such that
Cl|t—s\1/2 < E|F(t) — F(s)|? S(]2|1E—s|1/2 (3.16)
for all s,t € [0,T].

Proof. Since (s,t) — E|F(t) — F(s)|* is continuous and strictly positive on {s # t}, it will
suffice to show there exists §y > 0 such that the theorem holds whenever [t — s| < dy. Also,
in the notation of the proof of Theorem , since F(t) = O(t)F(t), where 6 € C[0,00) is
strictly positive, it will suffice to prove the theorem for F. For this, observe that

E|ﬁ<t> - ﬁ(3)|2 = ﬁ(t7t) + ﬁ(sv S) - 25(8,25) = Q(ﬁ(t’t) - ﬁ(s7t))v (317)

where p is given by (3.1). Hence,
t
E|F(t)— F(s)|* = 2/ Osp(u, t) du.

Applying Theorem (1) and the fact that [ |t —u|~/2du = 2|t — s|'/? finishes the proof.
O
Corollary 3.3. The process F' has a modification which is locally Holder continuous on

[0, 00) with exponent ~y for any v < 1/4.

Proof. By the Kolmogorov-Centsov theorem (see, for example, [10], Thm 2.2.8), if, for each
T > 0, there exist positive constants 3, r, C' such that

E|F(t) — F(s)|° < OJt — 5|

for all s,t € [0,T], then F' has a continuous modification which is locally Hélder continuous
with exponent 7 for all v < r/B. Since F is Gaussian, (3.16) implies E|F(t) — F(s)|P <
C,|t — s[P/*. We may therefore take 3 = p and r = p/4 — 1. Letting p — oo completes the
proof. O

Corollary 3.4. For each T > 0, there exist positive constants 6, Cy, Cy such that
—Cylt — s|7V2AL < E[F(s)(F(t + At) — F(t))] < —=Cy|t + At — s|7Y2At,
for all0 < s <t <T and At > 0 such that |t — s| < 0 and At <.

Proof. We write
t+At
E[F(s)(F(t+ At) — F(t))] = p(s,t + At) — p(s,t) = / Op(s, u) du.
t
Applying Theorem [3.1](ii) and the fact that
t+AL
|t—|—At—s|_1/2At§/ lu— s| 2 du < |t — s|7Y2AL,
t
finishes the proof. O
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Corollary 3.5. For each T > 0, there exist positive constants 6, C1, Cy such that

— Oylt — 5|32 AsAt < E[(F(s) — F(s — As))(F(t + At) — F(t))]
< —Chlt + At — (s — As)| 732 AsAt,

forall0 <s<t<T,As>0, and At > 0 such that |t — s| < 3, As < §, and At < 6.

Proof. We write

t+At
E[(F(s) — F(s — As))(F(t+ At) — /A /t 0% p(u,v) dv du.

Applying Theorem [3.1](iii) and the fact that
s t+AL
It + At — (s — As)| 32 AsAt < / / v — w2 dvdu < |t — s| 732 AsAt,
As Jt

finishes the proof. O

Remark 3.6. Note that in Corollaries [3.4) and [3.5] since 9yp(s, t) and 9%p(s, t) are continuous
away from {s = t}, we have

|E[F(s)(F(t+ At) — F(t))]] < C|t — s|"Y2At, and
|E[(F(s) — F(s — As))(F(t + At) — F(t))]| < CJt — s|*/2AsAt,

for all 0 < s <t <T, As >0, and At > 0. Also note that Theorem [3.1] and Corollaries
all apply to F(t) = u(q(t),t)F(t) as well.

As an application of these estimates on the local covariance structure of the increments
of F', we now show that I’ has a finite, nonzero, deterministic quartic variation.

Theorem 3.7. If

= Y |F(t;) = F(t;-)l,

0<t; <t

where I = {0 =ty <t <ty <---} is a partition of [0,00) with t; T oo, then for all T > 0,
2
Vi(t ——/|u |2d8}=0,

Proof. We again adopt the notation of the proof of Theorem [3.1} Let 6(¢ (t) = (u(q(?), )t
and recall that § € C'[0,00) is strictly positive, and that F(t) = 0(t)F(t). Since Vi is
monotone, it suffices by Dini’s theorem to show that

lim F [ sup

11| —0 0<t<T

where || = sup; [t; —t; 1.

wweﬁéw#w,

(e
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in L? for each fixed ¢ > 0. For any stochastic process X, we adopt the notation
AXJ' = X(tj) - X(tj_l). We will also write At] = tj - tj—l- Hence,

AF; = 0(t;)AF; + F(t;-1)A0;,

which implies AF} = G(tj)‘*AﬁjA‘ + R;, where

4
[R;| <O |F(tjo)[ALAF.

i=1

Thus,

2 2

E

4
<CY E .

=1

> B

0<t; <t

> Pt ALAF

0<tj <t

Note that Corollary also holds for F. Thus, using Holder’s inequality, we have

2 4
5| 2wl <oXp|( 3 an)( 8 IFworadare)
0<t; <t =1 0<t; <t 0<t; <t
4
:CZ( Z At?)( Z At?(il)EHﬁ(tj1)|2iAf;}2(4i)]>
=1 0<tj§t 0<tj§t
4
<C Z( 2 At?)( > At?“‘”(Ermj1>r4f>1/2<EAE4<4‘“>1/2)
=1 0<tj§t 0<tht
4
< CZ( Z At?)( Z At?iQ(EAﬁ’fM_i))lh).
=1 0<tj§t O<tj§t

As in the proof of Corollary [3.3] since F'is Gaussian, (3.16]) implies EAFH) < C; At
J J

Thus,
2 4
Y R, gCZ( 3 Atg)< T At;w) 0,

0<t;<t i=1 No<t;<t 0<t;<t

as |II| — 0. It therefore suffices to show that

. t
S oytart - 2 / 0(s)? ds,
™ Jo

0<t;<t

E

in L? as |TT] — 0.

By (.17

At
EAFJQ = 2(5(75], tj) — ﬁ(tjfl, tj>> = 2/0 85,5(15] — &, t]) de. (318)
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By (3.7),

~ 1
asp(tj - 67tj) = §p<€7 Q(t] - 8)7 Q(tj))u(q<t] - 8)7tj - 8)
1
= g s e T (gt — €)1 — ).
Using |1 —e™®| < z for all z > 0, and |q(t) — q(s)] < Clt —s| forall 0 < s <t < T, and
u(q(+),-) € C0, 00), this gives

1
Osp(t; —e,t;) — e 2u(q(t), t;)| < CeV2,
Pt i) N (a(t;),t;)| <
Substituting this into (3.18]) gives
= 2 1 3/2
‘EAF]? - \/;Atj/ ulg(ty), t;)] < CAL.

Since EAf'f = 3(EA}~7’J-2)2 and 0(t) = (u(q(t),t))"", this implies

0(t;)' EAF} — QAtje(tj)Q
m

= 30(t;)"| EAF? — \[ AEP0(t;) | EAF? + \/7 AE0(t;) 7t < oA,
Note that
6 s, 6 [ 9
D> =ALO(t)” — = [ 6(s)ds.
™ T Jo
0<t;<t
It will therefore suffice to show that
2
E| > (0(t;)'AF} - 0(t;)*'EAF})| — 0,
0<tht
as |II| — 0.
For this, we write
E| > (0(t;)'AF} — 0(t)) EAF4 Ze (E[AF!AFY] — (EAF!)(EAF})).

0<t;<t

If X and Y are jointly normal with mean zero and variances o% and 0%, then
BIXY* = oxoy(9+ T2p% y + 24pk y ),

where pxy = (0xoy) 'E[XY]. Hence,

|[E[X*'YY — (EX")(EY?)| < Cokoy | E[XY].
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Therefore,

2
<Y ALPALPIEAFAFP.

,L‘?j

E| > (0(t;)'AF} — 0(t;)' EAF})

O<t]‘ <t

By Holder’s inequality, |EAEAF}|2 < C’Atz1 / QAt;/ ?. Thus, it will suffice to show that

> AGPALPIEARAF? — 0,

t; —ti>2|H|

as |II| — 0.
If t; —¢; > 2|I1|, then ¢;_y > t;. Hence, by Corollary [3.5| and Remark

|[EAFAF? < CABAL|t_, —t,] 72,
where C' depends only on 7. Since |t;_1 —t;| > |II| > Aty for all k, this implies

|EAEAF? < CAPAS [toy — |74 < O[IPAAL P APty — 1|75/

Hence,
Yo AGPACPIEARARP <OMPt YT AtAG]t — 6] 0,
t;—t;>2]II]| tj—t;>2|I1|
since [ [0 Ju —v|73/* dudv < oo. 0

Although the local properties of F are very similar to B'/#, the global properties need not
be. One simple observation along these lines is that F|Bf (¢)|? = ¥, whereas E|F'(t)]* > Ct,
for some constant C' that depends on the initial distribution f. Indeed, by , we have
E|F(t)]* = (o — o®)[u(q(t), £)| %, and

1 /f(y)e‘(“”‘y)g/%dyé

L
Nz Mok

In other words, for ¢ large, F'(t) has a variance which is comparable to Brownian motion,
rather than fBm.

We will illustrate some other global properties of F' with a particular example of an initial
distribution. As noted in Section [1} if B(0) ~ N(0,1) and j(n) = |[(n+1)/2], so that @,
is the median, a = 1/2, and ¢ = 0, then the result in [I8] implies that F,,(-) = X (- + 1) in
C'[0,00), where the covariance function of X is given by (L.4). We will illustrate the global
properties of F' in this case by deriving some of the global properties of X.

First, note that fBm has a self-similarity scaling property. Namely, ¢~ B (ct) and B (t)
have the same law, as processes. Based on this, we might expect X to have a similar scaling
property with exponent 1/4. However, X obeys the Brownian scaling law with exponent
1/2. This can be seen immediately by direct inspection of .

Second, note that fBm is a long-memory process. In particular,

u(z,t) =

ru(n) = E[B"(1)(B"(n+1) — B"(n))]
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decays only polynomially. Tt is well-known that ry(n) ~ 2H(2H — 1)n*”~2, where a,, ~ b,
means a, /b, — 1 as n — oo. Based on this, we might expect

r(n) = EX(1)(X(n+1)— X(n))] (3.19)
to satisfy r(n) ~ Cn=%/2 for some constant C. However, this is not the case.
Proposition 3.8. If r(n) is given by (3.19)), then r(n) ~ —(1/6)n=2.

Proof. The proposition follows easily by observing that

r(n) =+vn+1sn™" (Jn;—%—l) — Vi sin™ <%> 7

and using the Taylor expansion sin™'z = x + 23/6 + 32°/40 + O(z7). O

We see then that X is a process which behaves locally like fBm with H = 1/4, but whose
increments are more weakly correlated than those of fBm. Another example of such a process
is sub-fBm (see Bojdecki et al [3], for example). For sub-fBm with H = 1/4, the increments
decay at the rate n=°/2. The decay rate of n~2 in Proposition [3.8 has only been established
here for the case when the initial distribution of the particles is a standard Gaussian, and an
investigation of the relationship between the initial distribution and this exponent is beyond
the scope of the current paper. However, we may presently note that F' is not a sub-fBm
for any initial distribution f, since the variance of a sub-fBm is always proportional to 27,
whereas E|F(t)|*> > Ct, as we observed above.

4 Outline of proof of tightness

Our primary tool for proving tightness is the following version of the Kolmogorov-Prohorov
tightness criterion.

Theorem 4.1. If {Z,} is a sequence of continuous stochastic processes such that
(i) sup,s,, P(|Z,(0)] > A) — 0 as A — oo, and

i) sup, s, P(|Z,(t) — Zn(s)| > ¢) < Cpe~@|t — s|'*# whenever 0 < ¢ < 1, T > 0, and
n>ng
0<s<t<T,

for some positive constants ng, «, 3, and Cp (depending on T), then {Z,} is relatively
compact in C10, 00).

When we apply the above theorem to our processes { F;, }, Condition (i) will automatically
be satisfied due to the already established convergence of the fdds. Our main theorem will
therefore be proved once we establish that {F,} satisfies Condition (ii) of Theorem [4.1] The
remainder of the paper will be devoted to proving this. For this, we will need to study the
distribution of the difference of two quantiles. Unfortunately, the difference of the quantiles is
not the quantile of the differences. The stark non-linearity of the quantile mapping creates
substantial technical difficulties. In the next section, we begin by using conditioning to
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connect the probability being estimated to a certain random walk. With an eye to future
applications, we construct this connection in abstract generality. In Section [0, we will return
to the specific sequence {F,}.

Before moving on to the details of the proof of tightness, we pause here to present a
general overview of the key steps to be taken in the remainder of the paper. Let B = B;—
B=DB,,and Q, =Q,—q= B, j(nym- To verify Condition (ii) of Theorem . we Wlll aim
to show that

P(|Fu(t) = Fu(s)| > €) < Cpe®|t — s/, (4.1)

for any p > 2. We begin by writing

P(|Fu(t) = Fu(s)] > €) = P(1Q,(t) — Qu(s)] = n"/%).
(t

Heuristically, the order of magnitude of [Q,(t) — @, (s)| should be less than that of
|B(t) — B(s)|, which is |t — s|'/2. Consequently, it is easy to estimate this probability when
n~%e > |t — 5|/~ for some A > 0. (This is what we call the “large gap regime”.) This
routine estimate is carried out in the appendix, and is easily verified in the large gap
regime.

We next turn our attention to the “small gap regime”, when n='/2¢ < |t — s|'/?*2 for
some A > 0. We begin with the fact that

P(Q,(t) = Qu(s) < —n %) = BIP(Q,(t) = Qu(s) < —n ' 2e [ Qu ()] (42)

(The estimates for P(Q,,(t) — @Q,(s) > n~'/2¢) are nearly identical.) To deal with the right-
hand side of , we apply the results from Section , wherein we study, in generality,
the conditional distribution of the difference of two quantiles. There we find that this
conditional probability can be well-approximated by certain probabilities connected to sums
of iid random variables, and that sufficient estimates on these probabilities can be derived.
When we apply Theorem to the problem at hand, we find that if

@ (x,y) =P(B(t) >q(t)+x+y | B(s) <q(s)+ ),
@(z,y) = P(B(t) < q(t)+x+y | B(s) > q(s) + x),
and

P, y) (Zl{U <q} < Z L, <q2}>

i=j+1

where {U;} are iid and uniform on (0, 1), then
P(Q,(t) = Qu(s) < =72 1 Q,(5)) < 95y m(@nls), —n %),
By (4.2) and the fact that gojg:n(a:, y) < 1, this gives, for any K > 0,

P(Q,(t) = B, (s) < —n2%e) < sup o5, (v, —n %) + P[0, (s)] > K).

lz|<K

Since F, has well-behaved tail probabilities (see Proposition and Remark [A.3)), we
may choose K so that P(|Q,(s)] > K) < Cpe™P|t — s|P/*. (In fact, the correct choice is
K = n~Y2%¢|t — s|7Y/%.) The problem thus reduces to showing that

D =7 2E) < Gy Pl = s (43)
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For this, we again appeal to the general results in Section [f] This time applying Theorem

.2 we find that

(.T e Ve ) )p/2

< o —1)2
sOj(n):n(x7 n e)<C (n,u(x —n—1/2¢)2

where

o(z,y) = aq(r,y) + (1 — a)g(z,y),
pw(r,y) = aq(z,y) — (1 —a)g(z,y).

To show that this leads to (4.3)), we use Taylor expansions for ¢ and p which are developed
in Proposition and Corollary [6.2] and which rely on some of the computations in the
proof of Theorem [3.1] When all of this analysis is finally complete, we will have established

, and therefore , in the small gap regime.

Lastly, we must deal with the “medium gap regime”, in which |t — s|}/2t2 < n~1/2¢ <
|t — s|'/2=2 for some A > 0. This case is treated by making minor modifications to the proof
for the small gap regime. In making these modifications, however, the result is weakened,
and we are only able to prove that, for parameter values in the medium gap regime,

P(|E,(t) — Fu(s)| > ¢) < C(e7 |t — s|V/422)P. (4.4)

Although we conjecture that the sharper bound (4.1)) does in fact hold in all regimes, the
weaker bound (4.4)) which we are able to prove is still sufficient to establish tightness.

5 A random walk representation and estimate

Let {U,}>2, be an iid sequence of random variables, uniformly distributed on (0, 1), and for
r1,79 € (0,1), define

¢< (ry,m9) = (Zl{U<r1} < Z 1{U<r2}>

i=j+1

¢]n 7“1,7”2 (Z 1{U <} < Z ]-{U <r2}>

i=j+1

Also, let 7, =1 — wj: and @D— =195,
Let X and Y be real- Valued random variables such that (z,y) — P(X < z,Y < y) is
continuous. Define

Q1($7y>:P(Y>x+y|X<x>7
QZ(I,y):P(Y<IL‘+y|X>£L'),

and let ©5, (,y) = ¢1(x,9y), g2(z,y)), where » may be any one of the symbols <, <, >,

(
jmn
or 2 Note that 90]>n(x7 y) = ¢(<n7j+1):n(Q27 q1) and SOJZn(:Ea y) = w(snfj+1);n(q27 Q1)
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Theorem 5.1. If {(X,,Y,)} is a sequence of iid copies of (X,Y), then for all y € R,
E5n(Xjons ¥) < P(YVjin = Xjon <y | Xjin) < 050 (Xjims9), (5.1)
almost surely. Consequently,
O7n(Xjons ¥) < P(YVjn = Xjon >y | Xjin) < 050 (X, 9), (5.2)
almost surely.

Theorem 5.1 establishes a connection between the conditional distribution of the
difference of two quantiles and probabilities connected to sums of iid random variables. To
give some intuitive sense to this connection, let us consider the following heuristic derivation
of .

We are interested in estimating P(Yj.,— X <y | Xjm = ) = P(Y}, < 24y | Xjip = 7).
Let us consider Xi,..., X, as representing the locations on the real line of some particles
at time s, and Y7,...,Y,, as representing the locations of those same particles at some later
time ¢t > s. We are given that the j-th leftmost particle at time s is located at position .
Conditioned on this information, we know the following. At time s, there is one particle
located at z, there are j — 1 iid particles located in (—oo, z), and there are n — j iid particles
located in (z,00). The event {Y},, < x + y} will occur if and only if at least j particles end
up in (—oo,x +y) at time ¢.

Each particle which is in (—oo, x) at time s has probability

m=l—-g=PY <z+y| X <2x)

of ending up in the target interval (—oo,x + y) at time ¢. Therefore, we may represent the
number of particles from (—oo,x) which end up in the target interval by Zf;ll Liv,<pr3-
Similarly, the number of particles from (z,00) which end up in the target interval is
represented by > 1" ) Liv,<g)-

We are therefore interested in computing the probability that

j—1
7<) Luspy + Z Lvi<qn)
i=1 i=j+1
7j—1 n
d
= (1- 1{UiSQ1}) + Z Lvi<qs}
i=1 i=j+1
=Jj— 1= Z Livi<qy + Z Livi<ga}s

i=j+1

which happens if and only if Zz;ll Lii<qy < 2iji1 Lti<g)- This probability is exactly

(@1, 2) = ¢5,(2,y). In fact, the true probability is even larger than this, since the
particle at x may itself end up in the target interval (—oo,z +y) at time ¢. If that happens,
then we only need Y7~ 1i,<qy < > ieji1 Lui<g), and the probability of this is gojgm(x, ).
Hence, the conditional probability of interest is sandwiched between gpfn and gofn
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Proof of Theorem [5.1] By taking complements, (5.1) and (5.2)) are equivalent. We will
prove ((5.2)). For this, we will first establish that for any a,b,y € R with a < b,

El070 (X, 1ixme@ny) < PYin — Xjin >y, Xjin € (a,D))
< E[@?n(‘xvjnv y)]‘{Xj:ne(avb)}]' (53>

Let us begin with the upper bound in ([5.3)).

First, by taking a; | a and b; T b if necessary, we may assume that P(X < a) > 0
and P(X > b) > 0, so that ¢, gpin, and @, where ®(z) = P(X < x), are all well-defined,
continuous, and bounded on {(z,y) € [a,b] x R}. Now fix ¢ > 0 and z € [a,b — €] and let
N=+#{i: X, € (z,x+¢)}. Then

P(Yj:n_Xj:n >y7Xj:n € (117'7;'}_5)) SP(NZ2>
+ PV >4y #i: Xi<zt=7j-1#{i: Xi >z +e}=n—jN=1).

Thus,
P(Yjm — Xj >y, Xjim € (x,2 +€))
< (Z)P(X € (z,r+¢))? +j(?> P(Yjn >ax+y,A), (54)
where
A={X, <z foralli<jtn{X;>z+cforali>jtnN{X;e(r,x+¢)}
Note that

P(Y};n>a}—|—y7A)

PH#{i: Y, <z+y} <j A
P#{i#j:Yi<z+y} <jA

Jj=1j-1

IN

PH#li<j:Yi<a+yl=0#{i>j:Yi<az+y}=m—1L A).
0 m={

~
I

By independence, this gives

P(Yjn > x4y, A)
i—1 j—1
{=0 m=~

: (n_]g)P(Y<x+y,X >z +e)"PY >4y, X > te)ITmH

J

IN

1 ,
(j , )P(Y<x—|—y,X<:c)£P(Y>x+y,X<x)J1£

3

-P(X € (z,x +¢)).
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If we define ¢;(z,y) = qi(x + e,y —¢), ps =1 —q;, ps = 1 — ¢;, and & = 1 — ®, then this
becomes

)_l
)_l

] ] .
P(Yjy > 7 +y, A) < ( >< E)pﬁq Sy
V4 =/

cO(x) 1 0(x + )" TP(X € (z,x+¢)). (5.5)

Il
o

Compare this with

J
05 (2, y) P(Zl{wa} Z Z 1{U<q2})
13

H

i=j+1
j— _
- P(Zl{U<Q1}_]_1_€ Zl{U<Q2}_m f)
=0 m=¢ i=j+1
-1 j5-1 .
J— 1 —J n—j—m m—
= ( )( €>p1ﬂh - gpz - —MQQ ‘£ (5-6)
(= =/

Finally, partition (a,b) into subintervals of size ¢ and apply (5.4 and (5.5). Let € — 0 and
apply dominated convergence. By ((5.6)), this gives

b
P(Y}:n - Xj:n >Y, Xj:n € (aa b)) < ](;l) / ijz;n($7y)q)(x)j_16(x)n_j dq)(x)

By Lemma this completes the proof of the upper bound in (5.3]).
The lower bound in ((5.3)) is proved similarly. As before,
P(an - Xj:n > Y, Xj:n € (1’71‘ + 5))
>PYin>x+e+y#{i: X;<az}=7-1L#{i: X;>v+e}=n—j N=1),
which gives

n

P(Yp — Xjn >y, Xju € (x,2 4 ¢)) > j( P(Y, >z +ec+y, A

S

d

J

I
-

Y]

)

)P(#{i:Yi<x+e+y}<j,A)

)P(#{i;éj:K-<:1:+5+y}<j—1,A).

Note that

PH#{i#j:Yi<z+et+yl<j—1,4)
:§§P(#{i<j:Yi<x+z—:—|—y}:€,#{i>j:Yi<x+6—|—y}:m—€,A).

=0 m=¢
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If we now define gi(z,y) = qi(z,y +¢), g;(z,y) = ¢;(x +€,y), pi = 1 — @, and p; = 1 — 7,
then this gives

P(ijn - Xj:n > anj:n € (iL‘,fE 6))

qn 2 ] —1 j N ~j—1—l—n—jF—m+l—m—F
> 7| . / iy P14y Do 7
J V4 4

CO(x)! 0 (x + )" T P(X € (v, +¢€))
We compare this with

=0 m=

Jj—

(:Ogn Z y P( 1{UiSQ1} > Z ]‘{Ui<q2}>
1=j+1
j=27J Jj—1
= ZP(Zl{U<q1}—j 1—6 Zl{U<q2}—m é)
=0 m={ i=j+1
j=2 32

J— 1 ] 1-¢ n—j—m-+~ V4
< / ) (m E)p1QI b2 - a
(=0 m=~

and the remainder of the proof is the same.
Using (5.3)), we now prove the upper bound in (5.2)). Let

5 - P(an - Xj:n >y | Xj:n) - @]Zn(Xjrwy)a

so that {¢ > 0} = {Xj., € B} for some Borel subset B C R. Fix ¢ > 0. There exists By C R
such that By is a finite, disjoint union of open intervals, and

|P(Xj., € B) — P(Xjm € By)| < e.
(See Proposition 1.20 in [6], for example.) Hence, by (5.3),

E[P(an —Xjn >y | Xj:n)l{Xj:neB}] = P(an Xjm >y, Xjm € B)
(Yim — Xjin >y, Xjim € By) +
(05 (Xjims W)L (x,0em0}) + €
(050 (Xjins W) L memy] + 22

VAN VANRVAN
& &

Therefore, E[£1(¢~01] < 2¢e. Letting ¢ — 0 shows that £ < 0 a.s., completing the proof. The
lower bound in (5.2)) is proved similarly. O

With Theorem [5.1], we have accomplished the first step of connecting our quantiles to a
random walk. The second step, given by the next theorem, is to derive an estimate for this
walk.

Theorem 5.2. Fiz o € (0,1). Let

o=o(ry,r) =ar + (1 —a)ry,

= p(ry,re) = ary — (1 — a)ry,
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and suppose j(n)/n = o+ o(n~Y?). Then for each T > 1, there exist constants C > 0 and
ng € N such that, for all n > ng,

T

77Z)]'S(n):n(rh T2) < C ,UQT

whenever p > 0. Note that C' does not depend on ry or rs.
Proof. First note that if nar; < 2, then

4 (ary)”

nTILL2T - nT(OéT1>2T

[

> 277 > 2775 (r1,7).

Hence, we may assume that nar; > 2.
Now, since j(n)/n = a +n~"/%a,, where a,, — 0, we may write

?/fjg(n);n(’f’h?b) = P(n™' (&L — &) +bn < —p) < P(In~H (€L — o) + bl > 1),

where

€L = Z (1{Ui§7'1} - Tl)a

(1{U¢ST2} - TQ)’

Iy

g

I
=
3 =

an(r1 +13) —n7 .
By Chebyshev’s inequality,
d}jg(n);n(rb ro) < TEInT (€ — &u) 4 ol
< Clnp) " (BIEL* + El&u ") + Cp 7 [ba] .
Note that

Cn~1%g
b,| < Cn~1/? < - " 7
bal < Cn (T1+r2)_a/\(1—a)’

which implies |b,[*” < Cn~70?". Tt will therefore suffice to show that
B¢l + By ™ < C(no)".
By Lemma there exists ng and C' such that n > ngy implies
Elg [ < C((j(n)r1)" v (j(n)r1)).

By making ng larger if necessary, we may assume na/2 < j(n) < 3na/2. Since nar; > 2,
this gives j(n)r; > 1, so that

Bl&[" < C(j(n)r1)" < Cnar)” < C(no)".
Similarly, for n sufficiently large,
Blgy|*™ < C(((n 3(n))r2)" Vv ((n = j(n))r2))

(1 —a)ry)" V1)
((n( —a)ry)" V (nar)") < C(no)’,

completing the proof. O
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6 Parameter estimates and gap regimes

Let us now return to the specific assumptions of our model, as outlined in the beginning of
Section [2] Fix 0 < s < ¢t. We shall adopt the notation and definitions of Section [3], in the
special case that X = B(s) — ¢(s) and Y = B(t) — ¢(t). In this case,

q1(z,y) = P(B(t) > q(t) +x+y | B(s) <q(s) + x),

q(z,y) = P(B(t) < q(t) + = +y | B(s) > q(s) + ). (6.1)

Let us also define
U(x,y) = P(B(t) > q(t) + x + vy, B(s) < q(s) + x). (6.2)
Our objective is to verify Condition (ii) of Theorem Ideally, we would like to show that
P(|F,(t) — Fu(s)| > €) < Coe™P|t — s|P/*. (6.3)

In the end, we will actually show something slightly weaker, although our final estimate will
be sufficient to verify the conditions of Theorem [4.1 Our approach will begin by conditioning
on F,(s), so that we may apply Theorem 5.1} We will then use Theorem [5.2] to obtain the
specific bound we need. Implementing this strategy will require precise estimates on the
function ¢; and ¢o, in terms of x, y, s, and t. These estimates will come from Taylor
expansions. We therefore begin with a Taylor expansion for W.

Proposition 6.1. Fiz T, K > 0. There exists a constant C such that for all0 < s <t <T
and all z,y satisfying |z| + |y| < K,

1

V() = $(0.0) = gula(s). 3Jy-+ S——ua(s). )" + . (6.4
where
< C (U] + DOV + [y + 572y + 672}yl (65
and 0 =t — s.

Proof. Fix T,K > 0, s,t € [0,7], and x,y € R such that s < t and |z| + |y| < K. Let
0 =t — s. In what follows, C shall denote a constant that depends only on 7" and K, and
may change value from line to line.

By Taylor’s theorem, we may write

U(z,y) = ¥(0,0)+ 9,¥(0,0)x + 9,¥(0,0)y
1 1
+ 5&3@(0, 0)z* + 9,0,¥(0,0)zy + 585\11(0, 0)y?

+ %8;’\11(01’, Oy)a® + %8§8y\11(0x, Oy)x*y + %89682\11(91’, Oy)xy? + %83\11(9:10, Oy)y°®, (6.6)
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where 6 € (0,1). Let ®(z)

(2m)~ 2 7 e ¥ /2dy and ® = 1 — &. We first establish that
for all integers ¢ > 0 and 7 > 1,

>

i M (pty+q(t) -2 i
v = /_OO ® ( 51/2( ) ) dLu(z, s)dz, (6.7)
@@m:—&ﬁ4w6””<y+%3;“@)am@@ywa@+@ﬁ%*w. (6.8)

If i = 0, then (6.7)) follows directly from the definition of ¥, (6.2). Differentiating (6.7]) gives

gY = B (y +q(t) — q(s)

5172 ) D ulq(s) +z,5)

B a(s)+e _,
+671/2 P

Applying integration by parts shows that (6.7) holds for ¢ + 1. By induction, this proves
(6.7). For (6.8), let j =1 and let i > 0 be arbitrary. By (6.7)), we have

T+y+qt)—=
S51/2

) Olu(z, s)dz.

' i q(s)+z t) — ) ]
oo =0, | [ 8 (THIE ) gt
[ (108 (ot g(t) — 2 i :

=0, /Oo o ( 51/2( ) ) dhu(z, s)dz

y +q(t) — q(s)

_s(

)%Mﬂﬁ+%$

5172
— +q(t) —q(s - :
= (PO ufy(s) + 0,9+ 0

which is . Now assume is valid for some j > 1 and all ¢ > 0. Applying 9, to both
sides of immediately shows that is valid for j 4+ 1 and any ¢ > 0. By induction,

this proves .
Now, by (6.7]), we may write, for any i > 1,

q(s)+z q(s)+x  pq(t)+aty ,
/ du(z,s)dz — / / p(t — s, z,w)0u(z, s) dwdz

—0o0

=0, u(q(s) +2,8) = ((s, t, 2,2 + y),
where ( is given by (3.2). We shall adopt the convention that 9, 'u(z,t) := P(B(t) < ), so
that the above equality is, in fact, valid for all 7 > 0. Hence,

t
0LV (z,y) = 0~ tu(q(s) +x,5) + / OsC(r t,x,x +y)dr — ((t,t,x,z +y).

q(s)+w
C(Sa t7 w, Z) = /

—00

Since

P*(B(t —s) < q(t) + 2)0Lu(x, s) d,
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it follows that

qt)+(wnz) ,
Clttwz) = [ Biu(z, t)de = 9 Vulg(t) + (1w A 2), 1),

—00

Therefore,
t
8;\11(:70, y) = 8;_1u(q(s) +x,8) — 8;_1u(q(t) +x4+(yAN0),s)+ / 0sC(r,t,x,x +y)dr.

By the mean value theorem, since |q(t) — q(s)| < C|t — s| = C'd, we have
10, ulq(s) + 2, 8) = 0 ulg(t) + 2+ (Y A 0),8)| < C(O+ [y]).
By (3-6). |0:¢(r,t,z, 2+ y)| < CJt — r|7'/%, and so we obtain
0,9 (x,y)| < C(8'2 + ly]), (6.9)

for any ¢ > 0. (Here we have used the fact that since § < T, there exists C' such that
§ <OV forall <T.)
We next consider the derivatives with respect to y. By ,

9,0(0,0) = - [ LD =)\ L 0i6), 5) + 0,9(0,0).
51/2

By (6.9), [0, ¥(0,0)| < C3'2. Also, |g(t) — q(s)| < C§ and ®(z) = 1/2 4+ O(|z|). Hence,
1

0,%(0,0) + Fu(q(s), )| < CoY2,
Similarly,
10,0,(0,0)] = |—® <%) dpulq(s), s) + 02T(0, 0)‘ <c,
and

2W(0,0) = —6~ /29 alt) — a(s) u(q(s), s) + 0.0,9(0,0).
Y 51/2

Since @ (z) = —(2m)"Y2e2"/2 = —(27)"Y2(1 4 O(|z|?)), this implies

2W(0,0) — u(q(s),s)| < C.

1
V21

For the third-order partial derivatives, we have

020,0(0,)] = |- (120 uta(s) 4-,0) 4 20w < €

- t) —
10,070 (z,y)| = |—5/*B (y i qgf/z Q(S)) Opulq(s) + z,5) + agayxp(x,y)‘ < 0§52,

030 (2, )| = | -5 F" (y ki q<;1) - (5>> u(g(s) + x, 5) + 0,020 (x, y)'

< OO Pyl + 671,
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where the last inequality follows from @ () < C|z|.
Substituting all of this into (6.6) gives (6.4)), where R satisfies

|R| < C(6"2)a + 82|yl + 62|z + |zy| + |y[?
+ 02’ + 2yl + |2yl + 52 lay?| + 52yl + 52y,
Since x and y are restricted to a compact set, we may simplify this to
R < C(8" 2] + 6"yl + |wy| + y* + 62 ay?| + 07yl + 5 2[y[*),

which is precisely (6.5)). O

Corollary 6.2. Recall q1,q2 given by (6.1). Fiz T, K > 0. There exist constants 6y and C
such that for all 0 < s <t < T and all x,y satisfying |z| + |y| < K and |z| < dy,

1

o (r.9) = ¥(0.0) = gulal(s). Sy + S=ula(s). W+ Fr. (6.10)
(1—a)g(z,y) =¥(0,0) + %u(q(s), s)y + 2\/12%u(q(5), s)y* + Ry, (6.11)

where Ry, Ry both satisfy , and 6 =t — s.
Proof. By and ,

Uz, y)] < COY2 + |yl + 67 |yl?) + |R], (6.12)
where R satisfies . By and ,

V(r,y)
P(B(s) < q(s)+ )

Q1($7y) =

Note that P(B(s) < q(s) +x) = a+r(x,s), where |r(z,s)| < C|z|. Hence,

Cla|

r(z, s) U(z,y) < a_—cwqj@,y)_

laqi(z,y) — ¥(z,y)| = ot (@)

If x is sufficiently small, then using (6.12]), we have
lagi(w,y) = U(z,y)| < COV|a| + |zy| + 072 |a?]) + |R).

By (6.4)), this gives

2

1 1
aq (z,y) —V(0,0) + =u(q(s),s)y — u(q(s), s
< C(8"2[a| + |yl + 6~ xy?)) + 2| R].
Since this is bounded above by the right-hand side of (6.5)), this completes the proof of
(16.10]).
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For (6.11), let B(t) = —B(t), and let §(t) be the (1 — a)-quantile of the law of B(t), so
that q(t) = —q(t). Let u(x,t) be the density of B(t), so that u(z,t) = u(—=z,t). Define

U(z,y) = P(B(t) > §(t) + = +y, B(s) < (s) + ),
and

G (z,y) = P(B(t) > §(t) + z + y | B(s) < §(s) + )
=P(B(t) <qt) —x—y|B(s) >q(s) —x
= Q2(—$7 —y).

Hence, by (610,
(1 - a)aa(z.y) = (1 - )G (-2, —y)

= 5(0,0) + 5 T((s), Sy +

|
mu(Q(s)a S)y2 + RZ

1
V2o

where R, satisfies (6.5). To complete the proof, we observe that

— 5(0,0) + ~ulq(s), s)y +

> ulg(s). )9 + o,

¥(0,0) = P(B(t) < g(t), B(s) > q(s))
= P(B(t) < q(t)) = P(B(t) < q(t), B(s) < q(s))
= P(B(s) < q(s)) = P(B(t) < q(t), B(s) < q(s))
= P(B(t) > q(t), B(s) < q(s)) = ¥(0,0),

which gives (6.11)). O

We are now ready to establish and complete the proof of our main result, Theorem
[1.4] Recall that F, = n'/?(Q, — q). Hence, the event {|F,(t) — F,(s)| > ¢} is precisely the
event that the process @, — ¢ traverses a gap of size n~/?¢ in the time interval [s, t]. In that
same time interval, each Brownian particle will traverse a gap of size roughly |t — s|*/2. We
therefore divide our proof into three separate cases, or parameter regimes: n~'/2¢ > |t —s|'/2
(the large gap regime), /% < |t — s|'/2 (the small gap regime), and n~'/%¢ =~ |t — s|'/2
(the medium gap regime).

The proof in the large gap regime (Lemma uses only crude estimates and requires
none of the machinery we have so far developed. The proof is entirely standard and is given
in the appendix. The proof in the small gap regime (Lemma requires the most care. We
follow the strategy outlined earlier, utilizing all of the tools developed previously. The proof
in the medium gap regime (Lemma is a minor modification of the proof of Lemma .
In making this modification, however, our estimate loses some precision, and the result in
the medium gap regime is, in fact, slightly weaker than (6.3)).

Lemma 6.3. FizT >0, A € (0,1/2), and p > 2. There exists a positive constant C' such
that
P(|F,(t) — Fu(s )| >e) <Ot — s/,

whenever s,t € [0,T], 0 < e <1, and n~"?%e > |t — s|V/275.
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Lemma 6.4. Fiz T > 0, A € (0,1/2), and p > 2. There exists a positive constant C' and
an integer ng such that

P(|Fu(t) = Fu(s)| > €) < (e[t — [P,
whenever n > ng, s,t € [0,T], 0 <e <1, and n~"/?e < |t — 5|24,

Proof. Fix T'> 0, A € (0,1/2), and p > 2. Without loss of generality, assume s < t and
define § =t — s. Note that it is sufficient to prove that there exists a constant d; > 0 such
that the lemma holds whenever 5 < 6.

Let ng be as in Theorem with 7 = p/2. Define B = Bj — q and Q, = Qn—q.

Note that @, (n)n and F =n'2Q,. Let K = n_1/255 1/4 and y = n~/2c. Then by
Theorem [5.1] -,
P(F(t) = Fu(s) < —¢) = P(Q,(t) — Q,(s) < —y)
= E[P(Q,(t) — Qu(5) < —y | Q,())]
< El950(@u(s), —v)]
< S e ) P > K (613

By making ng larger, if necessary, we may apply Proposition and Remark to obtain
P(|Q,(s)] > K) = P(|Fu(s)| > €6~ Y4) < C(e67 )™ = C(e7 |t — s|Y/4)P. (6.14)

For the other term, fix z € [— K, K]. Following the notation of Theorem , define

By Corollary [6.2]
,U(JT, _y) = u(Q('S)a S)y + R/M

where R, satisfies (6.5). Note that |z| < K = n~Y/2e67Y* and y = n~Y2c < §Y/242. In
particular, y < K and y < §'/2. Therefore, (6.5 simplifies to

|R |< C(K51/2+5 3/2 4) < C<K51/2+53A ) 0(51/4+63A)

Hence, since s — u(q(s),s) is bounded below on [0,77], there exists dy such that 6 < d
implies p(x, —y) > Cy. Similarly,

o(x,—y) =2¥(0,0) + u(q(s), s)y* + Ro,

1
V21o
where |R,| < C(6Y* + §2)y < Cy < C§Y2. By (6.9), this implies |o(z, —y)| < C§Y2.

We now apply Theorem with 7 = p/2 to obtain

_ p/2 51/2\ P/?
IR oy (i i ) B (et — sy, 1
Gl 02N <o (D0) —o-shiy. )
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Substituting (6.15]) and (6.14]) into (6.13)) gives
P(F,(t) — Fu(s) < —¢) < C(e7|t — s|V/*)P.
To complete the proof, we follow as in (6.13)) to obtain

PUEL) = Fofs) > <) £ S Fe:0) + PQ,()] > K),

and apply (6.14) to the second term. For the first term, recall from Section [5| that
O3 (T3 4) = Vi1 (@2(2, ), 1 (@, 9))-

Since (n — j(n) +1)/n = (1 — a) + o(n"'/%), we may apply Theorem [5.2| to obtain

~ p/2
Pinyn(T:y) < C <nﬁ(a:, y)? ’

where

o(z,y) = (1 — a)qa(z,y) + aq(z,y) = o(z,y),
a(z,y) = (1 —a)g(r,y) —aq(r,y) = —p(z,y).

The estimates preceding (6.15) can now be used, as before, to give
Sojz(n)n(x7y) S 0(6_1|t _ 8’1/4)177

which completes the proof.

|

Lemma 6.5. Fiz T > 0, A € (0,1/8), and p > 2. There exists a positive constant C' and

an integer ng such that
P(|F,(t) = Fo(s)| > €) < C(e7t — |4 22,

whenever n > ng, s,t €[0,T], 0 < e <1, and |t — s[> <n=12e < |t — s|V/275,

Proof. Fix T'> 0, A € (0,1/8), and p > 2. Without loss of generality, assume s < t and
define 6 =t — s. Note that it is sufficient to prove that there exists a constant dy > 0 such

that the lemma holds whenever § < d.

Let ng be as in Theorem with 7 = p/2. Let K = n~/2¢67/* and y = n="/2¢. Also

define & = n!/26Y/2+2 < ¢ and y = n~ /2 = §/2*2. As in (6.13) and (6.14),

P(F,(t) — Fu(s) < —¢) < P(Fy(t) — Fy(s) < —2)

|S\uI})< gojg(n):n(x, —7) + C(e7 Mt — s|V4)P.
z|<

VAR

By the estimates following (6.14)), p(z, —y) = u(q(s), s)y + R, where

|R#| < C<K51/2 + 5—3/2g4> < 0(63/4—A + 51/2+4A) _ C<51/4—2A + 53A)g'
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Since A < 1/8 and s — wu(q(s),s) is bounded below on [0,T], there exists dy such that
§ < & implies u(z,—y) > Cy. Similarly, |o(z,—7)] < C6Y2. As in (6.15), this gives
gojg(n):n(x, —7) < O(n~'y=25'/2)P/2. Note that § = /24 > n=1/226%2. Hence,

(@, —T) < C(e72Y288)/2 = (g — s /17207,

As in the second half of the proof of Lemma [6.4] the bound on P(F,(t) — F,(s) > ¢) is
proved similarly. |

Proof of Theorem (1.4, By Corollary it will suffice to show that {F),} is relatively
compact in C[0,00). By Theorem we need only verify that

sup P(|F,(t) — Fu(s)| > ¢) < Ce™@|t — s|'TP.

nzng

Taking A = 1/16 and p = 9 in Lemmas , , and shows that
P(IFy(t) - Fy(s)] > £) < C=~lt — 5,

for all n > ng, which completes the proof. |
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A Appendix

In this section, we have collected together the more routine and straightforward proofs, so
as not to distract from the essential techniques of the main paper. We begin with the proof
of Lemma [T.1]

Proof of Lemma [1.1I Standard results imply that for each t, > 0, there exists a
neighborhood I of ¢y on which has a unique solution ¢ with ¢(ty) = ¢(to). To show
that ¢ = ¢ on I, it suffices to show that g(t) = P(B(t) < ¢(t)) satisfies ¢ = o on I. Since
g(to) = a, it suffices to show ¢’ = 0 on I. For this, we simply differentiate

q(t)
o) = [ utait)da,
which gives
q(t) 1 1 [a®)
g ) =u(q),t)q (t) + Owu(z,t) de = —§8xu(§(t),t) + 5/ O*u(z,t) dr = 0.

—0o0

Since to > 0 was arbitrary, this shows that ¢ € C*°(0, c0) and satisfies ([1.2]) for all ¢ > 0.
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To show that ¢(t) — ¢(0) as t — 0, we first show that ¢(0) < liminf; o ¢(t). The proof is
by contradiction. Suppose not. Then there exists ¢ > 0 and ¢,, | 0 such that ¢(¢,) < ¢(0) —e
for all n. Hence,

o = P(B(t,) < q(t,)) < P(B(t,) < ¢(0) - ¢)
— P(B(0) < q(0) — £) < P(B(0) < q(0)) = o

It follows that P(B(0) < q(0) —¢) = a, but this contradicts the uniqueness of the a-quantile
of the measure f(x)dz. The proof that limsup,_,,¢(t) < ¢(0) is similar. O

We next present a proof of the quantile central limit theorem. The proof uses a multi-
dimensional version of the Lindeberg-Feller theorem, which is stated below as Theorem [AT]

Theorem A.l. For each fived n, let { X, }"_, be independent, R%-valued random vectors
with mean zero and covariance matric o, ,. If

(i) > Omn — 0 asn — 00, and
(it) for each § € R and each e >0, >0 | E[|0 - Xonp|* 111X n|5e}] — 0 as n — 00,
then S, = X1+ -+ Xy = N, where N is multi-normal with mean 0 and covariance o.

Proof of Theorem [2.1. Given z,y € R%, we shall write z < y if z(i) < y(i) for all 4.
Fix z € R? and for each n,m € N, 1 < m < n, define the random vector Y,,,, € R? by
Youn(7) = 072 (Lix, Gysn-1/20) 4000y — Pa() -
where p,(j) = ®;(n"Y2x(j) + q(j)). Then for each fixed n € N, Y;,,,, 1 < m < n, are
independent, EY;, , = 0, and
(1) 2t EY o () Ymn ()] = Gij(q(i),q(j)) — e(i)a(j) as n — oo,
(ii) for each § € R and e > 0, Y7 _ E[|0 - Vi n|*1gj0.v; nj>e] — 0 as n — oo.

Part (i) follows since

> EY (i)Yo n(5)]

=07t D [P(Xn (i) < 07 2(0) + g(0), Xin () < 07 22(5) + (7)) = Pa(i)pn ()

m=1

= P(X (i) < n 2a(i) + q(i), X (§) < n%2(5) + q(5)) — pali)pa()),

and part (ii) follows since |0 - Y;, | < n~Y2dmax(|0(1)|,...,|0(d)|), and therefore P(|6 -
Yimn| > €) = 0 for sufficiently large n.

Thus, by Theorem Sp=Yipn+ - +Y,,= N , Where N is multinormal with mean
0 and covariance

E[N@N ()] = Gisa(i),a(j)) — ai)als). (A1)

Now, observe that the following are equivalent:
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(d) n72 3 (VG <n 2 20 40y — Pu(d)) 2 072 (6(n, 5) = npa(f)) for all j.

Thus, if a, € R? is defined by a,(j) = n=?(k(n,j) — np,(4)), then P(n'?(Xymym — q) <
x) = P(S, > a,). Note that

o) = n2(a) + ofn2) —p, 1)) = LUIN =BTV LaD) o)

so that a, — a € R?, where a(j) = —z(j)®/(¢(j)). Therefore,

P(n"*(Xyun — 4) < #) = P(N > a) = P(N < —a) = P(N < 2),

where N is the random vector defined by N(j) = N(])/Q);(q(j)) Comparing (A.1) and
(2.1)), this completes the proof. O

At certain points in Section [0 we use the fact that F,, has well-behaved tail probabilities.
The precise formulation of this fact is given below.

Proposition A.2. Fix T > 0. For each r > 0, there exist constants C' and ny such that
P(IF,(t)] > X) < CON" + P(IB(t) — q()]* > N)),
foralln >ng, 0 <t <T, and A > 0. In particular, sup,, P(|F,(0)] > \) — 0 as A — oco.

Remark A.3. Since B is Gaussian, Proposition[A.2]in fact shows that P(|F,(t)| > \) < CA™".
Indeed,

P(IB(t) = q(t)]* > X) < P(IB(t)| + M > \/?) = 2P(B(t) < —\'? + M),
where M = supg<,<p |q(t)|. If A > 4M?, then

P(IB(t) = q(t)* > X) < 2P(B(t) < —\V?/2) = 20(—t"1/2A2/2) < 20(=T 2012 )2),

where @ is the distribution function of the standard normal, which satisfies ®(—z) < C,ax™"

for all r > 0. Hence, P(|B(t) — q(t)]*> > \) < 2C5, T~"272"\7" for X sufficiently large.

Proof of Proposition [A.2, Fix 7" > 0 and r > 0. Since u(g(0),0) > 0, there exists
e € (0,1) such that

m = inf{u(z,t) : |z —q(t)| <e,0<t < T} > 0.
Since j(n)/n = a+o(n~'/?), we may choose ng > 2m~! such that |j(n)/n—a| < n=2em/2,
for all n > ng. Let n > ng, t € [0,7], and A > 0 be arbitrary. Note that we may assume
without loss of generality that A > 1 +2m~2? and r > 2.
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Let us first assume n~'/2\ < e. We begin with

P(E,(1) P(Z Lis e ey 2 50))

j(n)
=Pln™ 1{B t)<q(t)—n—1/22} — pn) > T _pn>a (AZ)

where p, = p,(\) = P(B(t) < q(t)—nfl/Q/\). By the mean value theorem, a—p,, > n~/2\m.
Since |j(n)/n —al < n~Y?m/2 < n"2Am/2, we have

P(F,(t) < =)) < P<n1 > (s 0<a)-n-1/22) — Pn) = nl/Z)\m/Z)
j=1
By Chebyshev’s inequality,

n

> (Lis,0<aty-n-1/23) = Pu)

Jj=1

T

P(F,(t) < =\) < Cn"?X\7"E

By Burkholder’s inequality (see, for example, Theorem 6.3.10 in [16]),

r/2
P(F,(t) < =\) < Cn~"’X\"E

> 15, 0)<qty—n-r22y = Pl
j=1

Finally, by Jensen’s inequality,
P(Fu(t) < =A) < CXTE|Lpu)<q)—n-1/223 — Pl
Note that

Ellpwy<qy—n-1722y — Pul” = a1 = pn)" + (1 — pu)py,
= p(1 = p) (1 —pa) '+ pi ") < 2p,.
Hence, P(F,(t) < =X\) < CA "pp(A) < CA.

Similarly, using the mean value theorem,

P(EA(t) > \) = (21{3 oatirim e 21— i(n >+1)

7=1

v _ jn)  _
< P(” ! Z(l{Bj(t)>q(t)+n—1/2)\} L T pn)

7=1

< P(n_l (LB, ()>q(t)tn-1/22) — Pn) = n_m)\m/Q)

M-

1

J

where p, = p,(\) = P(B(t) > q(t) + n~Y2)). By Chebyshev, Burkholder, and Jensen,
P(F,(t) > \) < CA7"p,(\) < CA7". This completes the proof in the case n~'/2)\ < ¢.
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We now assume n~/2\ > . In this case, a — p, > P(q(t) — e < B(t) < q(t)) > em.
Hence, j(n)/n —p, > em/2. Thus, starting from (A.2)), Chebyshev, Burkholder, and Jensen
imply

n 2r

Z(l{Bj(t)<q(t)—n*1/2/\} —pa)| < Cnpa(N).

j=1

P(F,(t) < -\ <Cn™¥FE

Similarly, P(F,(t) > A) < Cn~"p,,(A). Hence,
P(|F()] > X) < Cn™"(pa(N) +P,(A) = Cn"P(|B(t) — q(t)| > n™'/2)).
If n > A, then P(|F,(t)] > A\) < CA™", and we are done. If n < A, then
P(|Fu(t)] > A) < CP(|B(t) — q(t)] > \Y?) = CP(IB(t) —q(t)]* > N),
and this completes the proof. O

In the proof of Theorem 5.1 we need the following formula for the distribution of the
7-th order statistic.

Lemma A.4. If {X,} is a sequence of iid copies of X, then for all x € R,

T

P(Xjm < ) 2/

—0o0

(%) ey s dni),
where ®(z) = P(X <) and ® =1 — ®.

Proof. Recall that ® is continuous. Hence, if ¢ is absolutely continuous on [0, 1], then

s(@(@) = 900) + [ " (@) dd(y).

—00

(See Exercise 3.36(b) in [6], for example.) We therefore have

P(Xj <) = (Zl{x<x}>y) ZP(ZZHXQ} > Y (Z)@(:@)’@@)nk

k=j

=35 (3) [ e - o= et aoty)
We can rewrite this as
P(Xj, < ) / [Zk( ) 1P (y)h

- > k(" e B aow)

k=j+1
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Observing that

(n—k+1)<kﬁl> :k(Z)

completes the proof. O

The following lemma is needed in the proof of Theorem [5.2]

Lemma A.5. For each r > 1, there exist constants C > 0 and ng € N such that

n

Z(l{UiSP} —p)

=1

2r

E < C((np)" V (np)), (A.3)

for allm > ng and all p € [0,1]. Note that C' depends only on r, and not on n or p.

Remark A.6. If r < 1, then Lemma [A.5] together with Jensen’s inequality, imply that the
expectation in (|A.3]) is bounded above by C(np)".

Proof of Lemma . First assume that r € N. Let £ = 1y, — p and ¢(t) = E[e™].
Then

n

> (i<p —p)

=1

2r

2r
d

E
dt2r

- (-1)

By Faa di Bruno’s formula (see [9], for example), if n > 2r, then

B )= 5 2 e () (£10) ()

where the sum is over all different solutions in nonnegative integers by, ..., bo,. of by + 2by +
3bs + -+ + 2rby, = 2r, and kK = by + --- + by,.. Let us take t = 0 and observe that, since
¢'(0) = 0, every nonzero summand has b; = 0, which implies

_2b2+2b3+2[)4+"'+2b27~ < 2b2+3b3+4b4+"'+27“b2r

b 2 2

Also, »(0) =1 and |pY)(0)| = |E¢7| < 2p. Therefore,

)

t=0

<C, Z nkpbz+b3+---+bzr =C, Z(np)k
k=1 k=1

Taking into account the two possibilities, np < 1 and np > 1, gives us (A.3)).
Now consider the general case, r € [1,00). First assume np > 1. Choose an integer

k > r. Then (A.3), together with Jensen’s inequality, give
ok r/k
) < C(np)".

2r
< (E

n

> (i) — )

i=1

n

> (i) =)

i=1

E
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Next assume np < 1. Choose positive integers k, ¢ such that ¢ < r < k. Then

n

> (i<py — 1)

=1

2r n

Z(l{UiSP} -p)

=1

20
+E

n

Z(l{UiSP} -p)

i=1

2k

E <k

< Ci(np) + Cz(np) = C(np),
which completes the proof. O

Finally, we present the proof of Lemma [6.3] which establishes the needed estimates for
tightness in the large gap regime.

Proof of Lemma . Fix T'> 0, A € (0,1/2), and p > 2. Without loss of generality,
assume s < t and define § = t — s. Note that it is sufficient to prove that there exists a
constant 0y > 0 such that the lemma holds whenever § < d.

Let M = supy«,<r|¢'(t)| and define 6o = (M2 A 2)/4. Note that, for a.e. w € Q,
#{j : Bj(5,w) < Qu(s,w)} = j(n). Hence, if B;(t,w) < Bj(s,w) +n~%e + q(t) — q(s), for
all j, then #{j : B;(t,w) < Qn(s,w) +n"2e +q(t) — q(s)} > j(n). In other words, up to a
set of measure zero,

O{Bj(t) < Bj(s) + 0% + q(t) — q(5)} € {Qu(t) < Quls) +n7"2e +q(t) — q(s)}.

We therefore have

nP(B(t) — B(s) > n'"e +q(t) — q(s))
(t) — B(s) > n~ Y2 — M|t — s]).

Recalling @, defined below , this gives
P(F,(t) — Fo(s) > ) < n®(n Y267 Y2 — Ms5Y?).

Note that Mé'? < M(Sé/Q < 1/2 < (1/2)672 and nY/2e57Y/2 > §A. Thus, using
O(x) < Cpx™" with r = A7 (1 + p/4), we have

P(F,(t) — F,(s) > ) < nC,2"6"™ < 267122761 P/ = O, Ae262|t — [P/,

which is in fact a sharper bound than necessary. (The second inequality above follows from
the assumption in the statement of the lemma that n=/2¢ > |t — s|/272.) The bound on
P(F,(t) — F,(s) < —e¢) is obtained similarly. O
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